Walkup's class K(d)
A weak pseudomanifold without (respectively, with) boundary is a pure simplicial complex in which each face of co-dimension one is in exactly (respectively, at most) two facets (face of maximum dimension). The dual graph Λ(X) of a weak pseudomanifold X is the graph (simplicial complex of dimension ≤ 1) whose vertices are the facets of X, two such vertices being adjacent in Λ(X) if the corresponding facets of X meet in a co-dimension one face. We say that X is a pseudomanifold if Λ(X) is connected. Any triangulation of a closed and connected manifold is automatically a pseudomanifold without boundary. For a simplicial complex X of dimension d, f j = f j (X) denotes the number of jdimensional faces of X (0 ≤ j ≤ d), and the vector f (X) = (f 0 , . . . , f d ) is called the face vector of X.
A stacked ball of dimension d (in short, a stacked d-ball) may be defined as a ddimensional pseudomanifold X with boundary such that Λ(X) is a tree. (We recall that a tree is a minimally connected graph, i.e., a connected graph which is disconnected by the removal of any of its edges.) A stacked d-sphere may be defined as the boundary of a stacked (d + 1)-ball. Since a tree on at least two vertices has (at least two) end vertices, a trivial induction shows that a stacked d-ball actually triangulates a topological d-ball, and hence a stacked d-sphere triangulates a topological d-sphere. By the same reason, a simplicial complex is a stacked d-sphere if and only if it is obtained from the standard sphere S d d+2 by finite sequence of starring vertices in facets (see [3, Proposition 4] ). (This last condition is usually used to define stacked spheres in the literature.) Since an n-vertex stacked d-sphere is obtained from S d d+2 by (n − d − 2) starring and each starring induces d+1 j new j-faces and retains all the old j-faces for 1 ≤ j < d (respectively, kills only one old j-face for j = d), it follows that it has (n − d − 2) 
Proof. Let's count in two ways the number of ordered pairs (x, τ ), where τ is a j-face of X and x ∈ τ is a vertex. This yields the formula
Let, as usual, deg(x) denote the degree of x in X (i.e., the number of vertices in lk(x)). Since all the vertex-links lk(x) of X are stacked (d − 1)-spheres, Lemma 1 applied to these links shows that
But x∈V (X) deg(x) = 2f 1 . Therefore, we obtain
Substituting ( But the binomial theorem together with Euler's formula, relating his Beta and Gamma integrals, yields:
,
Hence (still remembering that d is even), we get a = 2/(d + 2) and b
. In other words, Proof. This is immediate on substituting
, and F be a field such that X is F-orientable. Let β i = β i (X; F) be the corresponding Betti numbers. Then Kalai's theorem (Proposition 3 below) implies that the Euler characteristic χ of X is given by χ = 2 − 2β 1 . Therefore, the inequality of Corollary 1 may be rewritten as :
In [12] 
Further, equality holds here for some j ≥ 1 if and only if X ∈ K(4).
, and equality holds here if and only if X is a 2-neighborly member of K(4).
Proof. As a well-known consequence of the Dehn-Sommerville equations, the face vector of X satisfies (cf. [8] )
Therefore, to prove Part (a), it suffices to do the case j = 1: f 1 ≥ 5f 0 − 15χ/2, with equality only for X ∈ K(4). But, applying the lower bound theorem (LBT) for normal pseudomanifolds (cf. [2] ) to the vertex links of X, we get f 2 = 1 3
Since equality in the LBT holds only for stacked spheres, equality holds only for X ∈ K(4). This proves (a).
In conjunction with the trivial inequality d+1 on S := σ ∪ {x}. Clearly, every proper subset of S, with the possible exception of σ, is a face of X, while S itself is not a face of X since σ is not a boundary face of lk(x). Therefore, to prove the claim, we need to show that σ ∈ X. Notice that lk(x) and lk(x) have the same (d − 2)-skeleton. In particular, as d − 2 ≥ 2 and σ ∈ lk(x), it follows that each 3-subset of σ is in lk(x). Therefore, for any vertex y ∈ σ, each 3-subset of σ ∪ {x} \ {y} containing x is in lk(y). Hence each 2-subset of σ \ {y} is in lk(y), i.e., σ \ {y} is a clique in the edge graph of lk(y). Hence σ \ {y} ∈ lk(y). Since σ \ {y} is a (d − 2)-face of lk(y), and lk(y) has the same (d − 2)-skeleton as lk(y), it follows that σ \ {y} ∈ lk(y), i.e., σ ∈ X, as was to be shown. ✷ Now, let X be a triangulated closed d-manifold and σ 1 , σ 2 be two facets of X. A bijection ψ : σ 1 → σ 2 is said to be admissible if, for each vertex x ∈ σ 1 , x and ψ(x) are at distance at least three in the edge graph of X (i.e., there is no path of length at most two joining x to ψ(x)). In this case, the triangulated d-manifold X ψ , obtained from X \ {σ 1 , σ 2 } by identifying x with ψ(x) for each x ∈ σ 1 , is said to be obtained from X by an elementary handle addition. Notice that the induced subcomplex of X ψ on the vertex set σ 1 (≈ σ 2 ) is an S d−1 d+1 . In case X = X 1 ⊔ X 2 , for vertex-disjoint subcomplexes X 1 , X 2 of X, and σ 1 ∈ X 1 , σ 2 ∈ X 2 , any bijection ψ: σ 1 → σ 2 is admissible. In this situation, we write X 1 #X 2 for X ψ , and X 1 #X 2 is called a (combinatorial ) connected sum of X 1 and X 2 .
In Lemma 1. . Therefore, we may obtain X ∈ K(d) by a handle deletion. Then X must be disconnected since otherwise we get the contradiction β 1 (X) > β( X) ≥ 0. Therefore X = X 1 #X 2 , where X 1 , X 2 ∈ K(d) are the connected components of X. Since β 1 (X 1 ) = 0 = β 1 (X 2 ), induction hypothesis yields that X 1 , X 2 are both stacked spheres. But the combinatorial connected sum of stacked spheres is easily seen to be a stacked sphere (cf. Lemma 2.5 in [1] ). So, X is a stacked sphere. This completes the induction, proving the claim.
Thus, we have the "only if " part when the Betti number is 0. So, assume that the Betti number β 1 > 0 and we have the result for members of K(d) with smaller first Betti number.
If possible, assume that the result is not true, i.e., there exists a member of K(d) with Betti number β 1 > 0 which can't be obtained from a stacked d-sphere by β 1 combinatorial handle additions. Choose one such member, say X, of K(d) with the smallest number of vertices. As before, obtain X from X by an combinatorial handle deletion. If X is connected then β 1 ( X) = β 1 − 1. So, by induction hypothesis, X is obtained from a stacked sphere by β 1 ( X) combinatorial handle additions. Then X is obtained from the same stacked sphere by β 1 = β 1 ( X) + 1 combinatorial handle additions. Therefore, from our hypothesis, X is not connected. So, X = X 1 ⊔ X 2 and X = X 1 #X 2 , for some X 1 , X 2 ∈ K(d). Then β 1 = β 1 (X 1 ) + β 1 (X 2 ) and β 1 (X 1 ), β 1 (X 2 ) ≥ 0. If β 1 (X 1 ), β 1 (X 2 ) < β 1 , then, by induction hypothesis, X i is obtained from a stacked sphere S i by β 1 (X i ) combinatorial handle additions, for 1 ≤ i ≤ 2 and hence X is obtained from the stacked sphere S 1 #S 2 by β 1 = β 1 (X 1 ) + β 1 (X 2 ) combinatorial handle additions. By our assumption, this is not possible. So, one of β 1 (X 1 ), β 1 (X 2 ) is equal to β 1 and the other is 0. Assume, without loss, that β 1 (X 1 ) = β 1 . This is a contradiction to our choice of X, since f 0 (X 1 ) ≤ f 0 (X) − 1. Thus, the result is true for Betti number β 1 . The first statement now follows by induction. If β 1 = 1 then |X| is an S d−1 -bundle over S 1 and hence homeomorphic to
We recall that a combinatorial manifold X is said to be tight if for every induced subcomplex Y of X, the morphism H * (Y ; Z 2 ) → H * (X; Z 2 ) (induced by the inclusion map Y ֒→ X) is injective (cf. [8] ). Recently, Effenberger proved :
Results
By Proposition 2, any n-vertex triangulated connected 4-manifold X, with Euler characteristic χ, satisfies n(n − 11) ≥ −15χ. Thus, when n(n − 11) = −15χ, X must be a minimal triangulation of its geometric carrier (requiring the fewest possible vertices). The smallest values of n for which equality may hold is n = 11. Indeed, there is a unique 11-vertex 4-manifold with χ = 0 (cf [1] ): it triangulates S 3 × S 1 . In [8] , Kühnel asked if the next feasible case n = 15, χ = −4 can be realized. Notice that by Proposition 2, any 15-vertex triangulated 4-manifold with χ = −4 must be a (2-neighborly) member of K(4). By Proposition 3, it must arise from a 30-vertex stacked 4-sphere by three elementary handle additions (since it must have β 1 = 3). Now, three such operations require three pairs of facets (each containing five vertices) in the original stacked sphere, with admissible bijection within each pair. As 30 = 5 × 6, it seems reasonable to demand that these six facets in the sought after 30-vertex stacked 4-sphere be pairwise disjoint, covering the vertex set (though we are unable to prove that this must be the case). This strategy works! The Construction : Let B 5 30 denote the pure 5-dimensional simplicial complex with thirty
, and twenty-five facets δ, α j , λ j , γ j , 1 ≤ j ≤ 8 given as follows :
30 ) is the following tree. If we take the simplices δ, α 1 , . . . , α 8 , λ 1 , . . . , λ 8 , γ 1 , . . . , γ 8 given above as positively oriented simplices then that gives a coherent orientation on B 5
30 . This orientation gives a coherent orientation on S 4 30 in which b ′
